v-E96i-saavaNvis  jo  nviana  ivnqiivn 

idVHO  is3i  Nonmosaa  Adoooaoiw 


SEMI -VALUES  OF  POLITICAL  ECONOMIC  GAMES 


by 

Abraham  Neyman 


V 


Technical  Report  No.  366 
February,  1982 


Aoetssioa  lor 


HTIS  CBLUX 
DflC  TAB 

UnBaaauoood 

J«3tirication_ 


□ 


Distribution/ 


Availability  Codas 


Dist 


& 


Avail  and/or" 
Spaoial 


A  REPORT  OF  THE 

CENTER  FOR  RESEARCH  ON  ORGANIZATIONAL  EFFICIENCY 
STANFORD  UNIVERSITY 

Contract  ONR-NOOO1H-79-C-0685 ,  United  States  Office  of  Naval  Research 


THE  ECONOMICS  SERIES 

INSTITUTE  FOR  MATHEMATICAL  STUDIES  IN  THE  SOCIAL  SCIENCES 
Fourth  Floor,  Encina  Hall 
Stanford  University 


SEMI-VALUES  OF  POLITICAL  ECONOMIC  GAMES 

by 

Abraham  Neyman 

1.  /Introduction 

r52** —  r 

Semi -values  are  defined  in  Dubey  and  Weber  L 1981 J  where  charac¬ 
terization  of  the  semi -values  is  given  for  two  basic  spaces;  the  space 
of  all  finite  games,  and  the  space  of  "differentiable"  non-atomic  games, 

1. e.,  pNA.  In  the  purely  economic  situation,  we  usually  encounter  games 
in  pNA  (or  in  pNAD);  but  in  many  political  economic  situations,  as  in 
the  Aumann-Kurz  models  of  power  said  taxation  [ 1977a],  [ 1977b],  we  face 
games  which  are  the  products  of  weighted  majority  games  by  games  in  pNA. 
These  games  are  members  of  other  spaces  which  contain  pNA  and  which  we 
will  refer  to  as  spaces  of  political  economic  games.  In  this  paper  we 
will  characterize  all  semi-values  on  spaces  of  political  economic  games. 
Section  3  presents  a  characterization  of  all  continuous  semi -values  on 

a  typical  class  of  political  economic  games,  followed  by  a  detailed  proof. 

In  Section  we  introduce  further  results  without  proofs.  The  proofs  of 

/In 

the  results  in  Section  k  are  more  involved  than  that  of  Section  3,  but 
actually  are  based  on  the  same  ideas  and  thus  we  decided  to  omit  them 
from  our  paper. 

2.  Preliminaries 

Most  of  the  definition  and  notations  are  according  to  Aumann  and 
Shapley  [197^].  Let  (l,C)  be  a  measurable  space  isomorphic  to  ([0,l],8) 
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where  B  is  the  cr-field  of  Borel  subsets  of  [0,1].  A  set  function 
(or  game)  is  a  function  v:C  -*■  ]R  with  v(<{>)  =  0.  A  set  function  v 
is  monotonic  if  for  all  T  and  S  in  C,  T  C  S  4  v(T)  <  v(S).  The 
space  of  all  set  functions  on  (I ,C)  that  are  the  difference  of  two 
monotonic  set  functions  is  denoted  BV.  The  space  of  all  bounded  finitely 
additive  set  functions  is  denoted  FA,  and  its  subspace  of  all  non-atomic 
measures  is  denoted  NA.  If  Q  C  BV  then  Q+  denotes  the  subset  of  Q 
of  all  monotonic  set  functions.  A  mapping  ¥:Q  -*■  BV  is  positive  if 
V(Q  )  C  BV+.  Let  G  denote  the  group  of  antomorphism  of  (l,C).  Each 


« 


0  in  G 

induces  a  linear 

mapping  0 

of 

BV 

onto  itself 

that 

is 

given  by 

(0*v) (S)  =  v(0S) 

for  all  S 

in 

C. 

A  subset  Q 

of 

BV  is 

* 

if  for  each  0  in  G,  0  Q  C  Q. 


Let  Q  be  a  symmetric  subspace  of  BV.  A  semi -value  on  Q  is  a 
positive  linear  mapping  ^  from  Q  into  FA  that  satisfies: 

#  # 

(2.1)  ij»  is  symmetric,  i.e.,  4»8  a  0  $  for  all  0  in  G. 

(2.2)  if  v  €=  Q  H  FA  then  ^v  =  v. 

The  bounded  variation  norm  of  a  set  function  v  in  BV  is  defined 
by  Ivl  =  inf(u(l)  +  w(l))  where  the  infihum  ranges  over  all  pairs  of  mono¬ 
tonic  set  function  u,w  with  v  =  u  -  w.  A  nondecreasing  sequence  of  sets 

in  C  of  the  form  -H-:  9  C  s  C, .  ,C  S  is  called  a  chain.  The  variation 

u  1  n 

n 

of  v  over  a  chain  -H-  is  defined  by  IvB  r\_  =  ^  |v(S. )  -  v(S.  )|.  It 

i=l 

is  known  [3, Proposition  4.1]  that  iv15  =  supivl^^  where  the  supremum  is 
taken  over  all  chains  -TL,  If  Q  is  a  subspace  of  BV  and  ^:Q  -*■  BV 
is  linear  then  1^1  is  defined  as  sup(l<i»vl:v  G  Q,lvl  =  1). 


The  space  pNA  is  the  closed  subspace  of  BV  that  is  generated  by 
powers  of  nonatomic  measures. 

Let  7  denote  the  family  of  all  measurable  functions  from  I  to 

[0,1]  (measurable  with  respect  to  the  cr-fields  C  and  8).  There  is  a 

partial  order  on  I:f  >  g  if  f(s)  >  g(s)  for  all  s  in  I,  A  real 

valued  function  w  on  I  with  w(0)  =0  is  called  an  ideal  set  function; 

it  is  called  monotonic  if  fig  implies  w(f)  >  w(g).  For  every  ideal 

n 

set  function  w  we  denote  by  Sw8  the  supremum  of  £  |w(f . )  -  w(f  )| 

i=l  1  1-1 

taken  over  all  increasing  sequences  f ^  <  f 1  <  . . ,  <  f of  ideal  set  functions 
The  indicator  function  of  a  set  S  in  C  is  denoted  x^  i-®*»  Xg(s)  =  7- 
if  s  £  S  and  equals  0  if  s  ^  S.  We  will  sometimes  write  S  for  Xg» 
t  for  tXj  and  tS  for  tXg* 

It  is  known  [3, Theorem  G]  that  there  is  a  unique  linear  mapping  that 

* 

associates  with  each  set  function  v  in  pNA  an  ideal  set  function  v  such 

.  »  *  *  * 

that  (vw)  =  v  w  for  all  v,w  in  pNA,  v  is  monotonic  wherever  v  is 

in  pNA+,  Ivl  =  Iv  8 ,  and  such  that  y  (f)  =  *jfdy  for  all  u  in  NA  and 
all  f  in  I, 

Denote  3v  (t,S)  =  (d/dx)v  (t  +  tS)t=0.  By  theorem  H  of  [3]  we 
know  that  for  each  v  in  pNA  and  each  S  in  C,  the  derivative 
3v  (t,S)  exists  for  almost  all  t  in  [0,l]  and  is  integrable  over  [0,1] 
as  a  function  of  t. 

We  denote  by  W  the  set  of  non-negative  functions  g  in  ( [ 0 , 1 J ) 

1 

with  {  g{t )dt  =  1, 
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The  characterization  of  the  class  of  semi-values  on  pNA  is  given 

in  Dubey,  Neyman  and  Weber  ([1981],  Theorem  2). 

Theorem  2.3.  ([1981],  Theorem  2).  For  each  g  in  W  the  mapping 

4>  :  pNA  -*  FA  that  is  given  by 
E 

1  * 

(<J> _v)(S)  =  [  3v  (t,S)g(t)dt 

o  J 

0 

is  a  semi -value.  Moreover,  every  semi -value  on  pNA  is  of  this  form. 

The  map  g  -*■  i|»  of  W  onto  the  class  of  semi -values  on  pNA  is  a  linear 
S 

isometry. 

Define  DIAG  to  be  the  set  of  all  v  in  BV  satisfying:  there 
exists  a  positive  integer  k,  a  k-dimensional  vector  £  of  probability 
measures  in  NA,  and  a  neighborhood  U  in  ®  of  the  diagonal  [0,£(l)] 
such  that  if  £(S)  €E  v  then  v(S)  =0.  A  semi -value  ^  on  a  symmetric 
subspace  Q  of  BV  is  diagonal  if  \Jiv  =  0  for  all  v  G  Q  H  DIAG. 

Proposition  2, U,  Continuous  semi -values  are  diagonal. 

Proof.  The  proof  in  Nayman  [1977]  that  continuous  values  are 
diagonal  does  not  make  use  of  the  efficiency  axiom  and  therefore  the  same 
proof  works  here. 

Another  result  which  will  be  used  in  the  proofs  of  the  present  paper  is 
Proposition  2,9.  Let  Q  be  a  symmetric  subspace  of  BV,  and  let  ^ 
be  a  semi -value  on  Q,  If  p  £  WA  •  and  f  is  defined  on  the  range  of  p 
with  fop  G  Q,  then  ip(fop)  =  ap  for  some  constant  a  in  E. 

Proof.  Follows  from  the  proof  of  proposition  6.1  in  Aumann  and 


Shapley  [1971*]. 
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I.  Characterization  of  the  Semi-Values  on  a  Class  of  Political  Economic  Games 
In  the  purely  economic  situation,  we  are  usually  encountered  with  games 
in  pNA  Cor  in  pNAD  -  the  closed  linear  space  generated  by  pNA  and  DIAG) 
but  in  many  political  economic  situations  ve  face  games  of  the  form  v  =  uq 
where  q  is  in  pNA  and  u  is  a  Jump  function  with  respect  to  a  given  NA 
probability  measure  y ,  i , e . , 


if  V(S)  >  a 
if  y  (S)  <  o 


Such  games  arose  for  instance  in  models  for  taxation  (See  Aumann-Kurz 

[1977a],  [1977b].  We  denote  by  u*pNA  the  minimal  linear  symmetric  space 
containing  pNA  and  all  games  of  the  form  uq  where  q  €  pNA  and  a 
is  a  fixed  number  in  (0,1). 

Theorem  A.  For  any  pair  (a,g),  a  GR+,  g  e  W,  there  is  a  semi¬ 
value  ^(a  g)  on  u*pNA  such  that  for  any  q  £  pNA 

i  1 

(3.1)  (<,,(a,g)q)(S)s: 

0 


and 


1 

(3*2)  (if^a  gj(uq))(S)  =  aq  (a)y(S)  +  jg(t)9q*(t,S)dt  . 

a 

Moreover,  any  cont^'nous  semi-value  on  u#pNA  is  of  that  form.  The  mapping 

(a,g)  -*■  <l>,  \  is  1-1  and  l<p,  J  =  max  (a,lql  ). 

va,g;  va,g?  ® 
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The  proof  of  the  theorem  is  accomplished  in  several  stages.  First 
we  shall  state  and  prove  a  result  on  the  range  of  vector  of  members  of  pNA, 
This  is  a  generalization  of  a  result  of  Dvoretzky,  Wald  and  Wolfowitz 
([1951].  P-  66,  Theorem  4). 

Lemma  3.3.  Let  v  be  a  finite  dimensional  vector  of  measures  in  HA, 

and  let  m  be  a  positive  integer.  Then  for  each  m-tuple  f^,..,,^  of 

ideal  sets  such  that  f ,+...+  f  =  1  =  XT»  and  each  k-tuple  q, 

1  m  1  1.  k 

of  members  of  pNA,  and  each  e  >  0  there  is  a  partition  (T.,,,.,T  )  of 

JL  m 

I,  Tj  in  C  such  that  for  all  A  C  {l,,.,,m}  and  all  1  j  <  k 


Remark:  The  same  result  holds  if  pNA  is  replaced  by  pNA'  (replace  in 

I 

the  proof  I  I  by  8  I  ), 

Proof.  From  the  definition  of  pNA  it  follows  that  for  each  1  J  <_  k 
there  exists  a  polynomial  v  of  NA-measures;  v  =  P  )  with 

J  J  J  X  Ilj 

~  VJ*  <  E'  By 
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v(T4)  =  jf^dv 

and 

•i'V  -  Kdui 

From  the  finite  additivity  of  members  of  HA,  we  deduce  that  for  each 

A  C  {1,. , .  ,m},  1  £  j  <_  k  and  1  £  •£  <,  n^  v(T(A))  =  /f(A)dv  and 

y»(T(A))  =  Jf(A)dp»  where  T(A)  =  UT.  and  f{A)  =  Ef..  From  the 
Z  Z  iGA  1  iGA  1 

last  equalities  and  the  properties  of  the  mapping  v  -*■  v*,  it  follows  that 

also  v^(T(A))  =  v*(f(A)), 

Thus 

kj(T(A))  -  q*(f(A))|  <  kj (T(A) )  -  Vj (T(A) ) |  +  [Vj(T(A))  -  v*(f(A))|  + 

+  |Vj(f  (A) )  -  q.j  (f  (A) )  |  -  “  vj®  +  0  + 

and  as  lv  ®  =  Ivll  for  each  v  G  pNA,  | q. . (T(A ) )  -  q,(f(A))|  <  2c,  This 
completes  the  proof  of  Lemma  3.3.  Q.E.D. 

We  will  use  in  our  proof  the  following  immediate  corollary  of  Lemma  3.3. 

Corollary  3.^.  Let  v  be  a  finite  dimensional  vector  of  measures 

in  HA,  and  let  m  be  a  positive  integer.  Then  for  each  m-tuple  f, ,...,f 

J.  m 

of  ideal  sets  such  that  f ,<  f _<...<  f  ,  and  each  k-tuple  qn , . . . ,q,  of 

i  d  —  —  m  x  k 


set  functions  in  pNA,  and  each  e  >  0  there  is  an  m-tuple  T^Tg, . , ,  .T^ 
of  sets  in  C  such  that  Tx  C  •  • «  C  Tm  and  for  a11  1  i  J  1  k  and 
all  1<  i  <  i'  <m 

v(T±)  =  jfjdv 

and 

iiJ(Ti)  -  <  E  • 

and 

kj(Ti,  *  T.)  -  q*(f.,  -  f.)|  <  e 

Proof.  Follows  by  applying  lemma  3-3  to  the  m+l-tuple  f-^,^  -  f-^* •  • 

f  -  f  , ,1-f  . 
m  nir-1  m 

We  will  proceed  in  order  to  show  that  (3.1)  and  (3.2)  define  a  unique 
linear  symmetric  operator  from  u*pNA  into  FA.  For  this  we  shall  need 
the  following  lemma. 

Lemma  3.5:  If  w  =  v  +  l  (9.  u)q.  is  monotonic,  where  v  G  pNA, 

'  i=l  11 

q  e  pNA  and  0±  6  G,i  »  1, . . .  ,n,  then  for  any  S^C  and  g  e  L^g  >.  0 
a 

[g(t)3v  (t,S)dt  >  0 


(3.6) 


(3.7)  Jg(t)3v  (t,S)dt  +  I  Jg(t)3qiCt,S)dt  >  0 

o  *  ^  a 

and 

®  it 

(3.8)  l  y(0 ,S)q  (a)  >  0  . 

i=l  1  1 

Proof.  Assume  that  v  is  monotonic.  For  proving  (3.6)  it  ou 

^  * 

to  show  that  for  any  t  with  0  <  t  <  o  for  which  3v  (t,S)  is  defined 

3v*(t,S)  _>  0.  Let  0  <  t  <  a  and  let  0  <  h  he  such  that  t  +  h  <  a. 

For  such  t  and  h,  t  +  h£  <  t  +  h  and  therefore 

#  #  #  * 

(0iu)  (t  +  hS)  £  (0,.y)  (t  +  h)  =  t  +  h<o  for  each  i  =  l,.,.,n. 

For  any  e  >  0  we  could  apply  corollary  3.1*  to  the  vector 

*  * 

v  =  (O^y, . , . »6nP)  of  nonatomic  measures,  the  2 -tuple  t,  t  +  hS  and  the 
set  function  v  in  pNA  to  show  the  existnce  of  two  sets  in  C 

with  T^  C  T2  and  such  that  (O^yKT^)  =  (O^yMt)  s  t  <  o,  (0..y)(T2)  = 
(0^y)(t  +  hS)  <  a  for  all  i  =  l,..,,n  and  such  that  |v  (t)  -  vfT^)!  < 
and  |v  (t  +  hS)  -  v(T2)|  <  e.  Therefore,  on  the  one  hand,  (BjuHT  )  = 

(0^u)(T2)  =  0  which  implies  that  w(Tg)  -  w(T^)  =  v(T,>)  -  v(T^),  and  on 

*  # 

the  other  hand,  v(Tg)  -  v(T^)  <_  v  (t  +  hS)  -  v  (t)  +  2e.  Altogether 

f  « 

v  (t  +  hS)  -  v  (t)  >^w(T„)  -  w(T  )  -  2e.  As  w  is  monotonic  we  deduce 


that  v  (t  +  hs)  —  v  (t- )  _>  -2c,  and  as  this  holds  for  any  e  >  0  we 

#  #  * 

conclude  that  v  (t  +  hS)  ~  v  (t)  >_  0  and  therefore  3v  (t,S)  >  0  for 

* 

any  0  <  t  <  a  for  which  3v  (t,S)  is  defined.  This  completes  the 
proof  of  (3-6). 

For  proving  (3.7)  it  is  enough  to  prove  that  for  any  t  with 
a  <  t  <  1  for  which  all  the  derivatives  3v  (t,S)  and  3q^(t,S)  exist, 

*  n  * 

3v  (t,S)  +  l  3q.  (t,S)  >_  0 
i=l  1 

*  * 

Applying  corollary  3.1*  to  the  vector  (8  y,, , ,  ,0nJi)  of  nonatomic 
measures,  the  2 -tuple  t,  t  +  hS  (where  0  <  h  is  such  that  t  +  h  <  1) 

and  the  members  v^,...,^  in  pNA  we  have  for  every  e  >  0  two  sets 

£  £ 

C  T2  in  C  such  that  for  every  lji  <n,  a  <  t  =  (Q^)  (t)  = 

(0iy)(T1)  £  (Gj.y)(T2)  and  -  qi(t)|  <  e,  Iqi(T2)  -  qj.(t  +  hS)|  <  e, 

and  | v  (t)  -  v(T1)|  <  e,  |v  (t  +  hS)  -  v  (T2 ) |  <  e. 

Therefore , 

n 

w(T2)  -  w(T^)  =  v(T?)  -  v(T1)  +  l  q^  (Tg)  - 

£  £  ^  £  £ 

_<  v  (t  +  hS)  -  v  (t)  +  £  q.  (t  +  hS)  -  q  (t)  +  2(n  +  l)e 

i=l  1  A 

Again  as  this  holds  for  all  e  >  0  and  as  w  is  monotonic,  it  follows 

that 

£  ^  £ 

3v  (t,S)  +  l  3q. (t,S)  1  0  , 

i=l 


which  completes  the  proof  of  ( 3 - T ) - 


The  proof  of  (.3.8)  will  make  use  of 

Lemma  3.9.  Let  . ,wn  be  nonatomic  probability  measures  and 

ql,*‘,,qm  S6^  ^unc'ti°ns  in  PNA.  Then  for  every  0  <  a  <1  and  every 

e  >  0  and  every  1  ±  k  <  n  there  are  two  sets  T^,T2  in  C,  T^  C  T^ 
such  that  for  all  1  <i  <n  and  for  all  1  <  j  <m 

kj(T2)  -  q* Cot)  |  <  e  ,  kj(T2)  -  q.*(a)  |  <  e 

lqj(VTi)l  <  e 

<  E 

P^Tg)  -  °  >  Mi^Tl^  iff  Ui  =  Pk  ’ 

Proof.  Let  K  =  {l  <  i  <  n:y^  =  y^}.  By  Lyapunov’s  theorem  there 
is  T  in  C  such  that  y^T)  =  y^T)  iff  y±  »  yk»  Let  b  =  yk(T). 

Observe  that  for  sufficiently  small  y  >  0,  a  +  y(T-b)  is  an  ideal  set 
and  that 

y*(a  +  y(T  -  b))  =  a  iff  i^k  (i.e.,iff  y4  =  . 

09 

If  (fr)^  is  a  sequence  in  I  that  converges  uniformly  to  f  in  I  then 

£  * 

for  every  q  in  pNA*  q  ( f r )  converges  to  q  (f).  (All  that  is  needed 

# 

for  that  conclusion  is  that  y  (fr)  converges  to  y(f)  for  every  nonatomic 
measure  y).  Therefore  there  is  y  >  0  sufficiently  small  so  that 
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a  +  y(T  -  b)  is  an  ideal  set  and  such  that  for  all  1  j  _<  m, 

|q  (a  +  y(T  -  b))  -  q,(a)|  <  e/3.  Fix  such  a  y  >  0,  and  observe  that 
J  J 

0(a  +  y(T  -  b))  -*•  a  +  y(T  -  b)  as  0  <  1  converges  to  1,  Therfore 

for  sufficiently  large  0  <  1,  for  all  1  5.  <1  —  m 

|qj((l-B)(«  +  y(T  -b ) ) ) |  <  e/3  , 

|q^(0(a  +  y(T  -  b)))  -  q^(a  +  y(T  -  M)|  <  e/3  . 

and  thus 

|q^(0(a  +  y(T  -  *>)))  ~  qj(«)|  <  2£/3 

* 

As  (a  +  y(T  -  b))  =  a  iff  i  6  K,  it  follows  that  for  sufficiently  large 
0  <  1  we  also  have 

y^(a  +  y(t  -  h))  jl  a  >  y^(0(a  +  y(T  -  b)))  iff  i  e  K  , 

Fix  such  a  0  <  1  and  apply  corollary  3.U  to  the  2-tuple  0(a  +  y(T  -  b)  < 

(a  +  y(T  -  b))  with  e/3,  the  vector  (y^,...,yn)  of  nonatomic  measures 
and  the  members  q^...,^  of  pNA  to  show  the  existence  of  T^,Tg  ^  ^ 
with  T  C  T2» 

yi(Ti)  =  y*(0(a  +  y(T  -  b)))  1  <  i  <  n 

y. (T  )  =  y. (a  +  y(T  -  b) )  1  1  i  1  n 

l  2  i 
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|<lj(a  +  Y(T  -  b))  -  q.j (.Tg ) |  <  e/3  1  <  3  <  m 

k^(3(«  +  y(T  -  b)))  -  CT1 )  |  <  e/3  1  <  J  <  m 

k*((l  -  e)(a+  y(T  -  b}))  -  ‘LjtVV*  <  e/3 
Altogether ,  ve  conclude  that  for  all  1  <  1  <  n, 

{ q. j  ( T2 )  -  q. j  ( ot )  |  <  e/3  +  e/3  <  e 
kjC^i)  -  q^(a)|  <  e/3  +  e/3  +  e/3  <  e 

kj(VTi)|  <  e/3  +  e/3  <  e  , 

and  ~a  >  yi^Ti^  iff  yi  =  \ 

vhich  completes  the  proof  of  Lemma  3.9 » 

We  return  now  to  the  proof  of  (3.8)  of  Lemma  3.5.  Observe  that 
it  Is  sufficient  to  prove  that  for  every  1  _<  k  n  if  K(k)  denotes  the 

#  #  H 

set  of  all  1  <  i  <  n  with  0.y  =  0,y  then  £  q.(a)  >  0,  Apply  lemma 

“  ”  ik  i€K(k)^ 

*  * 

3.9  to  the  nonatomic  probability  measures  0^y,,,.,0ny  and  the  set  functions 
v.q^,  • . .  ,qn  in  pNA  to  show  the  existence  of  T^,Tg  in  C  with  C 
and  such  that  for  all  1  <_  i  £  n, 

(v^)  -  v  (a)  |  <  e  ,  |v(T2)  -  v  (a)|  <  e 


ki(Ti)  -  qi(a)|  <  e  ,  ^^2^  ”  <  e 


0.p(To)  >  a  >  8  y(T  )  iff  i  G  K(k) 
1  2  —  1  1 


Therefore 


v(T  )  -  w(T  )  <  v(T  )  -  v(T  )  +  l  q  (T  )  +  £  |q.(T  )  -  q.  (T 

2121  iQc(k)  1  2  i£K(k)  ^  2  11 


<_  2c  +  £  q.  (a)  +  2en 

iQc(k)  1 


1  I  q, (a)  +  2(n  +  l)e 
iGK(k) 


As  this  holds  for  every  c  >  0  the  assumption  that  w  is  monotonic  implies 

r  * 

that  V  q.  (a)  >_  0  which  completes  the  proof  of  lemma  3.5* 
i€K(k)  1 

Lemma  3.10:  Let  g  be  in  W  and  a  in  R  .  Then  (3-1)  and  (3.2) 

defines  (uniquely)  a  semi  value  \1>,  N  on  u*pNA. 

a,e  n  * 
Proof.  Any  element  w  in  u*pNA  is  of  the  form  w  =  v  +  ][  (0  u)q 

i=l  1 

0^  6  G,  v,  q^  G  pNA.  By  linearity  and  symmetry,  it  follows  from  (3-l)  and 
(3.2)  that 

1  1 
f  ^  ft  £ 

(3.9)  gyw(S)  =  js(t)3v  (t ,S)dt  +  l  g(t)3qi(t ,S)dt 


*  %  * 


l  aq  (a)  (.0  p)(S) 

•  _ n  -*•  1 
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We  have  to  show  that  ib,  \  is  well  defined,  i.e.,  that  it  is  independent 

(a,g) 

of  the  representation  of  w.  Because  of  the  linearity  it  is  enough  to  show 

that  if  w  =  0  then  it/,  \V  =  0.  If  w  =  0  then  hy  lemma  (3* ^ )  we  conclude 

la,g; 

that  ^  g)wCs)  1  0,  and  that  ^ft  gjC-w)(S)  =  "^(a  g)w(s)  -  0  which  means 

that  iw  =  0.  Linearity  and  symmetry  of  ip,  *  follows  from  the 

la,g;  'a»g • 

n 

definition.  The  finite  additivity  of  3q.  (t,S)(q  ^  pNA)  as  well  as  that 

of  6*p  implies  that  i|^&  g^w  is  finitely  additive.  Positivity  of  ♦(a>g) 

follows  now  from  lemma  (3. *0  and  the  finite  additivity  of  g^w. 

Obviously  u*pNA  is  reproducing;  hence  that  positivity  of  g)  and  the 

finite  additivity  of  if,  ,w  implies  that  i|>,  »w  is  in  FA  whenever  w 

(a,gj  va,g; 

is  in  u*pNA.  Now  let  w  £  (u*pNA)  n  FA,  We  have  to  show  that  *(a>g)w  **  v* 

D  II 

Without  loss  of  generality  we  may  assume  that  w  =  v  +  \  (B.y)q.  where 

4=1  X  A 

n  n  A 

v  €  pNA  and,  G  pNA  and  0^  -  ©jU  i  s  J*  First  we  shall  show 

that  q*(a)  =  0  for  each  k,  1  <  k  <  n,  Let  1  <.  k  <  n  he  given.  Applying 

*  » 

lemma  3.9  to  the  nonatomic  probability  measures  0^, . . .  ,0nv ,  tke  set  functions 
v,q1,-  •  •  in  pNA  we  have  for  every  0  <  e  two  sets  T^.eC.-^CTg 
and  such  that  for  all  1  <  i  <  n  and 


6*ij(T2)  >  a  >  6iy(T1)  iff  i  =  k 


|v(Tg)  -  v^)! 
|v(Tg*.T^)  |  <  e 


<  e 


and 
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0ip(T2vTl)  <  e 


I 


Assuming  t  <  a  we  find  that 


i 


|w(t2^t1)|  =  |v(T2-T1)|.  <  e 
On  the  other  hand. 


1 


|v(T  )  -  wf^)!  >  qk(T2)  -  |v(T2)  -  v(T1)| 


-  jjW  -  W' 


>_  |qk(a)|  -  e  -  e  -  ne  =  q^Ca)  -  (n  +  2)e 


The  assumption  that  w  is  finitely  additive  will  imply  that 
e  >  t w(T2‘^T1  ) [  =  |w(Tg)  -  wCT-j^ ){  >_tqk(a)l-  (n  +  2)e  ,  i.e.,  that  jq^Ca)  |  £  (x 

As  this  is  true  for  every  0  <  e  <  a  we  conclude  that  q*(a)  =  0. 

k 

Let  S  be  in  C,  with  u^S)  <  a.  In  that  case  v(S)  =  v(S),  and  by  using 

# 

the  finite  additivity  of  w  and  lemma  3.3,  we  see  that  v  (hS)  =  h(v(S)) 

* 

for  any  rational  0  <  h  £  1  and  then  by  continuity  of  v  we  deduce  that 

£  # 

v  (hS)  =  hv(S)  for  any  real  h,  0  £  h  £  1.  Therefore  3v  (0,S)  =  v(S). 


+3)e. 


Now,  let  0  <  t  <  a,  and  let  S  ^  C  be  given.  Again  using  lemma  3.3  to 
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the  vector  measure  1  <  i  <  n,  and  the  game  v  e  pNA  and  the  3-tuple 

hS,  t,  l-t-hSh<o-t  we  have  for  any  e  >  0  a  partition  (T^T^.T^) 
of  I  with  Iv^)  -  v  (hS) |  <  e,  |v(Tg)  -  v  (t)|  <  e  and  jvtT^-Tg)  - 

v  (t  +  hS)|  <  e  and  G-jP^  U  Tg)  <  a.  Hence  v(T^  U  Tg)  =  U^) ,  w(T1)  =  vfT^) 

miH  v(T  )  =  v(T0),  Therefore,  using  the  finite  additivity  of  w  we  have 

^  ft 

v(Ti  u  Tg)  -  v(Tg)  =  v^)  -  v(0)  =  v^),  and  as  Iv^  U  Tg)  -  v  (t  +  hS)|  <  e, 

|v(Tg)  -  v*(t)j  <  e  and  Iv^)  -  v  (hS)|  <  e  |[v  (t  +  hS)  -  v  ( t ) ]  -  v  (hS)| 

*  * 

<  3e  and  as  this  holds  for  any  e  >  0,  v  (t  +  hS)  -  v  (t)  =  v  (hS)  =  hv(S) 

It 

and  therefore  3v  (t,S)  exists  and  equals  v(s).  In  a  similar  way,  by  using 

* 

lemma  3.3  to  the  vector  measure  G^y,  1  <_  i  £  n,  and  the  games  v  £  pNA, 
n  ,  1  <_  i  <_  n  and  the  3-tuple  hS,  t,  1-t-hS,  h<l-t  we  can  prove 

n  *  1 

that  for  a  <  t  <  1  3(  l  q.)  (t,S)  =  v(S).  Therefore  as  Jg(t)dt  =  1 

i=l  1  0 


we  conclude  that  ,w(S)  =  v(S)  =  w(S)  whenever  S  is  in  C  with 

pfe^S)  <  a.  For  S  in  C  there  exists  always  a  partition  S  =  U  . . ,  U  Sk 

with  S.  i  ■  1,. . . ,k  in  C  and  y(0.S  )  <  ct  l<i  <n,  1<  j  <k. 
i  J 

Therefore  by  the  finite  additivity  of  w  as  well  as  that  of  <Jrw  we  have 
k  k 

^  vw(s)  =  l  <p.  vw(S.  )  =  l  w(S.  )  =  w(s)  which  completes  the  proof 
(a,g)  j=2.  1  i=i  1 

of  lemma  3-10. 

Lemma  3.11.  Let  g  be  in  W  and  a  in  R+.  Then  the  semi -value 


,  .on  u«pNA 
(a,g) 

raax{a,lglL  }. 


defined  by  (3.1)  and  (3.2)  is  continuous  and 


II  = 


Proof.  Let  w  be  in  u#pNA.  Without  loss  of  generality  we  may 

a  # 

assume  that  w  =  v  +  £  (G.u)q  where  v  is  in  pNA,  q.  €  pHA  for 

i=l  1 

1  £  i  <_  n  and  0^u  =  0jP  iff  i  =  J,  (l  i  i  5  J  1  n)* 
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4(a,g)vl  *  ^l(Vs)MS)l  *  ^  ^(a,g)w^(1  '  S>l 

Therefore  we  have  to  prove  that  the  right  hand  side  is  at  most 
max{a,  Igl  }Hwll,  As 

CO 

n  a 

+  H’*'(a,g)w^S^  =  la.I  cl*(a)(eiH)(S)  +  Jsv*( t,S)g(t)dt 

i_1  0 

1 

f  n  * 

+  a(v  +  l  q  )  (t,S)dt| 

3  i=l  1 * 

a 

n  a 

<  a  l  |q*(a)| (0*y)(S)  +  Igl  ( f | 3v*(t,S) J dt 
i=l  oo  3 

0 

1  n 

+f|3(v+  l  q)*(t,S)|dt) 

3  i=l 


< 


max{a, Igl  }  [ 

OO 


a 

|3v*(t,S)|dt 

« 

0 


1  n 

+  f  1 3(v  +  l  q)*(t,S)|dt  +  l  k*(a)|(t%)(G)] 

3  i=l  i=l  x 

a 


it  is  sufficient  to  prove  that 


a 

Ivl  >  7  |q*(a)|  +  f ( ] 3v*(t ,S)  j  +  |3v*(t,l  -  S)|)dt  + 

i=l  1  i 


(3.12) 


f(|3(v  +  l  q.)*(t,S)|  +  | 3 (v  +  l  q.)*(t 
*  i=l  1  i=l 


,1  -  S)  |  )dt  , 


First  assume  that  v  and  ,  1  i  <_  n  are  polynom  als  in  nonatomic 
prohahility  measures.  For  every  integer  k  >  2  we  will  construct  a  chain 
-A-  so  that  M  (^_k  will  converge  as  k  -*■  »  to  the  right  hand  side  of 
(3-12). 

Observe  that  there  is  f  in  7  with  (e^)  (f)  =  (ejV)  (**)  iff 

i  =  j.  We  may  assume  that  1/2  <  f  <  1.  (Otherwise  replace  f  by  (1  +  f)/2). 

For  every  k  >  1  let  l  be  the  .largest  integer  with  l  <  a k.  Without  loss 

«  #  #  * 

of  generality  we  may  assume  that  for  1  £  i,j  ±  n  {Q^v)  (f)  >  (QjP)  (f) 

iff  i  <  J.  Therefore  for  each  1  <_  i  <.  n  there  is  a  (unique)  Bi  =  B^k)  with 

ft  # 

0<^  <  2/k  and  ( e^.p )  (£/k  +  ^f)  =  a.  Obviously  all  the  B^s  are 

different  and  0  <  B.^  <  Bj  ±  2/k  whenever  1  £  i  <  j  £  n.  Define  (g^?^  by 

g±  =  l/k  +  Bif 


_  2k+n-3 

and  define  (f. )._n  by 


if  i  2  is  an  even  integer, 

if  i  <  2t  is  an  odd  integer, 

if  2t  <  i  <2t  +  n  . 

if  2t  +  n  £  i  and  i  -  n  is  an  odd  integer, 

if  2 1  +  n  <  i  and  i  -  n  is  an  even  integer, 

*  if 

Apply  corollary  3-1*  to  the  vector  (0^, . . .  ,0^ )  of  nonatomic  measures,  the 
members  v.q^...,^  of  pNA  and  e  =  l/k(2k  +  n)  to  construct  a  chain 

-^k1  ^To  -  T  -  '  ’  *  -  T2k+n-3^  SUCh  that  for  a11  1  1  J  1  n 

and  for  all  0_<i£2k  +  n-3, 

(6*jj)(T.  )  =  (6*y)(f. ) 

J  i  J  i 


1  of  O 

Denote  by  -O-  the  subchain  (T.  ) .  -H-  the 

k  i  i=0  k 

^>-3.  _  the  subchain  Th<“> 
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,wL.^k  -  ,w,-rui  +  M-tl2  +  lvl_rv3 

K  iv 


As  (e^yKT^)  =  (SjPMfgj)  =  <  a  for  a11  1  1  J  5.n» 


W  =  iI1ly<Ti>  '  vtTi-i>l  i  j’ly*(fi)  -  v*(fi-i)'  -  • 


As  v  is  a 


£  _  £ _ 

polynomial  in  nonatomic  measures,  j>  |v  (f  )  -  v  (f.  )| 

i=l  1  1_1 


converges  as  k  -*•  «*  to  /  1 3v  (t  ,S)  |  +  1 3v  (t  ,1  -  S)  |  )dt  (see  for  instance 


*  —  .  #  — 


p.U5,  U6  of  [3]  or  ohservethat  for  1  <,  i  2£  |v  (f^)  -  v  (f.  ^)|  = 

|3v  (i/2k,S)|/k  +  o(l/k)  where  S  =  S  if  i  is  odd  and  S  =  1  -  S  if  i 

Ct  *  £ 

is  even).  Thus  lim  inf  M  ^1  >.  /  (  |  3v  (t,S)[  +  ( 3v  (t,l  -  S)|)dt. 

k-*»  ~  k  0 

n  ^  n  £ 

Similarly  lim  inf  M  ^3  >.  |3{v  +  l  q  )  (t,S)|  +  |3(v  +  £  q  )  (t,l  -S )  |  )dt . 

k-x»  "  k  J  j=l  J 

We  turn  now  to  the  estimation  of  M  p.  2.  For  each  fixed  1  <  J  <  n, 

«  *  k  _  “ 

(0iH)(TJ+2e)  >  a  >  (0*p)(TJ+ae_i)  iff  i  =  J.  Thus 

^Tj+a 0  ~  V^Tj+2£-l^  -  lqj^Tj+2£^  "  ^Tj+2£*  ~  v^Tj+2£-l^ 


-  I "  qi^Tj+2£-l^ 


Thu,  Mj-,.2  2  -  M-n|  - 


For  each  fixed  1  <  j  <  n,  <lj(a)  as  k  **■  “  and 

fl_2  0  as  k  ■*■  °°,  and  also  ^  ®  as  k  ■*•  09  and  thus 

k 

®  # 

lim  inf  Bwl  ^3  £  | q,(a)|,  Altogether  we  conclude  that 

k-*»  "  k  j=l  J 

BwB  >_  lim  inf  BwB_^  —  ®w®_n_i  +  fL2  +  ®W®_TL' 

„  ~  k  k  y 

^  ®  ft  | 

>  l  k.(o)|  +  JU  |3v  (t,S)|  +  |3v  (t,l  -  S)|)dt  + 
i=l 

i  n  *,  n  * 

j(|3(v  +  l  q  )  (t,S)|  +  |3(v  +  l  q. )  (t,l  -  S)|)dt  which  proves  (3.12) 
a  i=l  1  i=l 

in  the  case  that  v  and  q^  are  polynomials  in  nonatoraic  measures.  For 
the  general  case  let  e  >  0  and  approximate  v  and  q^  by  polynomials 
of  NA-measures  v  and  q.  respectively  with  Bv  -  vB  <  e  |q.  -  q. |  <  e, 

_  _  XI  *  _  ft 

and  let  w  =  v  +  £  (0.u)q.  .  As  Be  uB  =  1  and  lv,  BBv  B  <  Bv.,llBv  B  for 

•  11  1  1  C  1  ^ 

_ _  n  £ 

all  v  ,v  in  BV,  Hw  -  wB  _<  Bv  -  vB  +  £  B(0.u)(q.  -  q.  )B  <_  (n  +  l)e. 

x  i=l  1  1  1 

Using  lemma  23.1  of  [3]  we  have  for  all  S  ■=  C, 


a 

J|3v*  (t,£ 


§  ft 

3v  (t,S)jdt  _<  lv  -  v  B  _<  e 


r  _  n  _  «  n  # 

1 3 (v  +  l  q  )  (t,S)  -  3  (v  +  l  q  )  (t,S)  |dt  <_  (n  +  1)e  . 

J  i-1  i=l 


I  *  —*  «  *  — *« 

Also  |q^(o)  -  q^(a)|  _<  Bq^  -  q^ H  _<  e.  Altogether, 
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_  n  * 

(n  +  l)e  +  M  _>  BwR  >  £  |q.  (ct)|  -  ne  + 

i=l  n 


a 

J|3v*(t,S)|dt 

0 


e 


1 

f  n  * 

+  M3(v  +  l  q  )  (t,l  -  S)  (dt  -  (n  +  l)e  . 
a  i=1 

As  this  is  true  for  all  e  >  0,  (3.12)  is  proved  which  completes  the  proof 
of  lemma  3.11. 

Proof  of  Theorem  A:  We  have  already  seen  that  for  a  in  if  and 

g  in  W,  (3*1)  and  (3-2)  define  (uniquely)  a  (continuous)  semi-value 

ip,  .on  u*pNA.  Now  we  have  to  show  that  any  continuous  semi -value  on 
(a,g) 

u#pNA  is  of  that  form.  Let  ip  be  a  continuous  semi -value  on  u#pNA .  In 
particular ,  tp  induces  a  semi -value  on  pNA  and  therefore  by  theorem  2.3 
there  is  g  in  W  with 

1 

(3.13)  (pv(S)  =  Jg(t)3v  (t,S)dt  for  each  v  in  pNA  . 

0 

Let  v  be  a  probability  measure  in  NA,  snd  k  a  positive  integer.  For 
any  >  0,  6  <  (l/2)min(a,l  -  a)  define  F^:  [0,l]  -*■  R  by 
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Vx)  = 


"o  if  |  x  **  ot  |  >_  26 
-  1  if  |x  -  a|  _<  6 
.1  -  1/6  ( | x  -  a|-  6) 


if  6  <  |x 


a|  <  26, 


'V, 

and  define  vfi  by: 


(3.lU)  vfi  =  (F($ov)(F(5ow)(vk  -  Pk) 

First  we  shall  show  that 


(3.15)  lluv  II  <  32k6 

6  “ 

Define  U  =  {SGC:0  _<  p(s)  -  o  <  26,  |v(S)  —  ot |  _<  26}  .  Then  for  S  in  U, 

p(S)  >_  a  and  therefore  u(S)  =  1  and  also  for  S  in  U,  |v(S)  -  p(S)[  < 

and  thus  for  S  in  U,  |vk(S)  -  jjk ( S )  j  U6k,  and  |v^(S)|_<  U6k.  For  every 

S  in  C'D  either  y(S)  <  a  and  thus  u(S)  =  0  or  |v(S)  -  ctj  >26  and 

thus  vr(S)  =  0.  In  any  case  for  S  £  U,  (uv.)(s)  =  0.  Let 

C  s  C  , .  ,  C  s  be  a  chain.  Let  i_  be  the  first  index  for  which 
O  X  Jj  u 

S.  €  u  and  let  i  be  the  last  index  for  which  S,  e  U.  Then  from  the 

lo  0  Jo 

definition  of  U  it  follows  that  £  U  iff  i^  _<  i  <  Therefore,  as 

(uv^)(s)  =  0  whenever  S  ?  U,  and  |(uVg)(S)|  _f  U6k  whenever  S^U  we 


deduce  that 
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v1 

-  i 

i=i 


|{uv5)(Si)  -  Cuv^)(Si_1)| 


uv6(S 


i-1 


)| 


<  85k  + 


l  .  I(”<)(s1)  - 


1=1o+1 


(“fy<si-l)l 


1°  |v,(S, )  -  V  (S  )|  -  l  |(F  ov)(F  onHSjXv11  -  /XSj) 

i=iQ+l  0  i=i0+1 


-  (F6ov)(Fgoy)(Si)(vk  -  yk)(Sj._1)  +  (Ffiov)  (Fgop )  (Si )  (vk  -  yk)(Si_1) 

-  (Fgov)(Fgop)(S;._1)(vk  -  Vk)(S._1)|  < 

,i0 

<  max  J (F,ov)(F.oy )(S) |  £  | (vk  -  yk)(S  )  -  (v  -  V  ) I 

"  S©J  6  6  i=iQ+l  1 

+  max  |  ( vk  -  yk ) ( S )  |  |  (F  ov)(F  oy)(S  )  -  (Fgov) (Fgoy ) (S.^)  |  . 

S€Jj  i=ip+l  c 


But  max]  (Fgov)(Fgoy)(S)  |  <1  and 
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0 

l  |(vk-  yk)(S  )  -  (vk  -  yk)(S  )J  <  (vk  +  yk) (S .  )  - 
i=i0+i  i-l  -  ^  J0 

-  (vk  +  yk)(S.  )  <  86k 
10 


and 


max |  (vk  -  pk )  (S )  |  j<  Uk6 
SQJ 


and 

B  (F^ov)  (F^oy  )  li  jc  Hf^o  vll  ilF^oy  B  j<  U  , 

J°  %  ^ 

Therefore  £  |v.(S.)  -  v  (S.  )|  <  86k  +  (l»6k)l»  =  2Uk6, 

i=i  +1  0  1  0  i-l  “ 

hence  ^uv$®_n_  i  32k6.  As  this  holds  for  any  chain  -H_  (3-15)  is  proved.  Efefine 
G:  [0,1]  -*■  R+  by 


0  if  x  >_  a  +  26 
Gfi(x)  -•*  1  if  x  _<  a  +  6 

wl“'j(x-a-6)  if  a  +  6<x_<o  +  26 


and  define  v.  by 
o 


(3.16) 


V6  =  (GSov)(G6°n)(vk  ~  VJk)  • 


First  observe  that  v  £  pNA  (although  (Gov)(Goy)  i  pNA),  Define  V  to 
be  the  diagonal  neighborhood  defined  by 

V  «  {S:  |y(S)  -  v(S) [  <  6}  . 

Let  S  £  V  and  denote  v  =  -  y*S  then  u(v  -  v.)(S)  =  (v  -  v,)(S), 

0  6 

because  if  y(S)  <  a  and  S  6  P  then  v(S)  <  a  +  6  and  therefore 

_  _ 

vg(S)  =  v(S)  and  of  course  then  (u(v  -  vfi))(S)  =  0  =  (v  -  vg)(S),  and  if 

y(S)  >_  a  then  u(v  -  vfi){S)  =  (v  -  vfi)(S),  and  v(s)  >_  o  -  6,  But  for 

x  >_  a  -  6,  Gtf(x)  =  Ffi(x)  which  yield  that  (v  -  vfi)(S)  =  (v  -  vfi)(S), 

whenever  S  £  D  with  y(S)  >_  a.  Thus  we  have  seen  that 

^  — 

u(v  -  Vg)  coincides  with  v  -  v^  on  a  diagonal  neighborhood, 

(3.17) 

v  -  vg  €  pM,  u(v  -  Vj)  €  u#pHA  . 

As  is  continuous  proposition  (2.k)  and  (3.17)  implies  that 

(3.18)  \Ku(v  -  vfi))  =  i|»(v  -  vfi)  . 

How  we  claim  that 

#  (0  if  t  >  a  +  26 

(3.19)  3v6(t,S)  =  < 

\dv  (t,S)  if  t  <  a  +  6 


To  prove  (3.19)  observe  that  if  t  >  a  +  26  and  h  >  0  then 
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[(G6ov)(G6oy)(vk  -  yk)]  (t)  =  0  =  [(.G^ovRG^oy)  (  vk  -  pk) J*(t  +  hS)  and 
if  0  <  t  <  a  +  6  and  h  <  0  with  t  +  h  >0  then 

t (Ggov)CGfioy)(vk  -  yk)  (t  +  hS)  =0,  As  v  -  is  in  pNA,  (3,13)  and 
(3.18)  implies  that 


1 

(3.20)  |t|>(v  -  vfi)(S)  -  |  9v  (t,S)g(t )dt|  _< 

a+25 


a+25 

|  g(t)|a(v  -  vfi)*(t,S)dt| 

0+5 


+  0 
5+0 


If  we  let  5+0,  (3-20),  (3-18)  and  (3.15)  imply  that 

1 

(3-21)  iRu(vk  -  yk))(S)  =  jg(t)3(vk  -  yk)  (t,S)dt  . 

a 


Observe  that  u  6  u*pNA.  By  proposition  2.5  ipu  =  ay,  and  by  the  positivity 
of  \p,  a  G  R+,  Now  let  B  be  the  subset  of  pNA  of  all  games  q  for  which 

(6.23)  'l'(uq)  =  gj(uq)  • 

k  k  k  k 

By  (3.21)  v  -  y  £  B.  Observe  that  uy  -  o  u  is  in  pNA  and  hence 

ip(uyk  -  aku)(S)  =  /g(t)3(yk)  (t,S)dt  and  i|»(aku)  =  akay.  Therefore  it 
0  k 

is  easily  verified  that  y  G  B.  But  B  is  obviously  a  linear  subspace  of 

k  k  k  k 

pNA  and  therefore  as  it  contains  y  and  v  -  y  it  contains  v  for 

+ 

any  probability  measure  in  NA  and  hence  any  polynomial  in  NA  measures. 

As  both  \p  and  ^  are  continuous  and  Buqi  <  HuBBqi  it  follows 

that  B  is  closed,  thus  B  =  pNA.  Now  as  both  ij>  and  .  are  linear 

and  continuous  we  deduce  that  they  coincide  on  u*pNA,  which  completes  the 


proof  of  theorem  A. 


Q.E.D. 
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4.  Further  Results  and  Remarks. 

We  are  able  to  characterize  the  set  of  all  continuous  semi -values  on 
many  other  important  spaces,  like  bv’NA  and  bv*NA#pNA.  As  the  proof 
uses  similar  methods  to  those  presented  in  the  former  sections  ve  will  Just 
give  a  sample  of  results. 

Notations:  Let  X  be  a  linear  subspace  (not  necessarily  closed)  of 

the  Banach  space  bv’  (the  space  of  all  functions  fs  [0,1]  -+]R  with  f(0)  =  0 

such  that  f  is  of  bounded  variation  continuous  at  zero  and  1,  endowed  with 

the  total  variation  norm).  We  denote  by  W(X)  the  subset  of  the  dual  X 
_  * 

(of  the  closure  X  of  X)  of  all  elements  x  satisfying:  (l)  For  each 

* 

monotonic  nondecreasing  f  in  X,  x(f)>_0;(2)  If  X  contains  the 

* 

function  h  defined  by  h(x)  =  x,  then  x  (h)  =  1,  The  subspace  of  all 
absolutely  continuous  elements  in  bv*  is  denoted  ac ' .  For  each  0  <  x  <  1 
define  f  :  [0,1]  ->  B  by  f  (y)  =  0  iff  y  <x  and  f  (y)  =  1  iff  y  >_  x 

XX  X 

and  f  :  [0,l]  -+JR  by  f  (y)  =  0  iff  y  _<  x  and  f  (y)  =  1  iff  y  >  x. 

XX  X 

The  subspace  of  bv1  generated  by  the  functions  f  (f  )  is  denoted  by  rj ' (£J ' 
and  that  generated  by  all  Jump  functions  (i.e.,  by  r J '  and  £j ' )  is  denoted 
by  J*.  If  X  C  bv'  we  denote  by  XNA  the  linear  symmetric  space  generated 
by  game  of  the  form  fop,  f  €=  X  and  p  is  a  probability  measure  in  NA. 

Theorem  4.1:  Let  X  be  a  subspace  of  bv'.  There  is  a  1-1  linear 
isometry  from  W(X)  onto  the  continuous  semi-values  on  XNA; 
x*€E  W(X)  the  semi -value  on  XNA  is  given  by 

* 

i|»x*(f  o  p)  =  x  (f)p 


for  each 
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Remarks : 

(a)  W(ac’)  =  W  and  therefore  Theorem  7.1  can  be  considered  a 
generalization  of  Theorem  2.3  (ac'NA  is  dense  in  pNA). 

(b)  W(rj')  is  identified  with  all  bounded  functions  a:  (0,l)  -*■  R+; 

*  * 

for  0  <  x  <  1  x  (a) (f  )  =  a(x)  and  lx  (a)!  =  sup  a(x).  Each  of  the 

x  0<x<l 

continuous  semi -values  on  rj'NA  can  be  extended  to  a  semi -value  on  its  closure: 
However,  there  are  discontinuous  semi-values  on  rj'NA;  they  can  be  obtained  by 
omitting  the  boundness  condition  on  a. 

(c)  W(j')  is  identified  with  all  pairs  of  bounded  functions 

a,  b  :  (0,1)  -*■  R+  where  for  0  <  x  <  1,  x  (a,b)(fx)  =  a(x)  and 

x  (a,b)(f  )  =  b(x).  We  have  llx  (a,b)ll  =  sup  (a(x),b(x)}. 

X  0<x<l 

Notations :  If  and  are  linear  symmetric  subspaces  of  BV 

we  denote  by  ®  Q 2  the  linear  symmetric  space  generated  by  games  of  the 

form  v^Vg  where  vi  €  (i  =  1,2),  and  the  space  *  Q2  is  defined 

as  the  linear  symmetric  space  generated  by  ®  Q.^,  Q.^  and  Q2. 

Theorem  fr.2.  For  each  pair  (a,g),  a:  (0,1)  -*■  R  and  g^Ws  W(ac') 
there  is  a  semi -value  <J>/  .on  r  j '  NA*pNA  given  by: 

( U . 3 )  \(v)  =  4*  v  whenever  v  e  pNA 

\a»E)  8 

1 

*  f  * 

(U.h)  j((fx  o  y)v)(S)  =  a(x)v  (x)y(s)  +  jg(t)3v  (t,S)dt 

x 

whenever  v  G  pNA,  0  <  x  <  1  and  y  is  a  probability  measure  in  NA.  The 

semi -value  4>,  ,  is  continuous  iff  a  is  bounded.  Moreover,  any  continuous 

(a,g) 

semi -value  on  rj'NA#pNA  is  of  that  form.  ^(a>g) 


can  be  extended  to  a 


semi -value  on  rj'NA*pNA  iff  a  is  bounded  and  then 


J1  =  max  (  sup  a(x),HglL  ) 
a,g;  0<x<l  » 


Remark :  Similar  results  hold  for  the  spaces  £j'NA*pNA  and  j'NA*pNA 
(in  the  second  case  the  semi-values  are  associated  with  triples  (a,b,g)). 


Theorem  k.5:  For  each  pair  (a,g),  a:  (0,1)  -+  3R+  and  g  G  L*(0.l) 


there  is  a  semi-value  i p,  \  on  rj'NA®  pNA  given  by  (4.U).  This  semi- 

v a  jg/ 

value  is  continuous  if  and  only  if  a  is  bounded.  Moreover,  any  continuous 
semi-value  is  of  that  form. 


Remarks : 

(a)  The  semi -values  on  rj*NA*pNA  differ  from  those  on  rj'NA  *  pNA 
since  NA  £  rj'NA  ®  pNA  while  NA  C  r j ’ NA*pNA . 

(b)  The  proof  of  Theorems  b.2  and  k.5  are  similar  to  that  of 
Theorem  A. 

(c)  The  fact  that  (a,0)  is  a  semi-value  on  rj'NA®  pNA  is  easy 
to  prove  (see  lemma  3- 5(3.8))  and  actually  makes  use  only  on  the  property 

of  pNA  of  having  a  continuous  extension  to  ideal  sets  satisfying  lemma  3.3. 
Thus  it  follows  that  the  existence  of  such  semi-values  is  valid  for  any  space 
of  the  form  rj  ’NA  ©Q  where  Q  has  such  an  extension.  If  Q  is  such  a 
space  satisfying:  there  exist  a:  (0,1)  R+\  {0}  s.t.  for  each  v  G  Q  and 

ft  # 

0  <  x  <  1  v  (x)  =  a(x)v  (1)  then  by  setting  a(x)  =  l/a(x),  is  a 

value  on  rJ'NA©Q.  However,  these  values  are  discontinuous,  whenever  a 
is  not  bounded  away  from  0. 


(d)  For  every  g  in  W  which  is  continuous  there  is  a  semi-value 
on  DIFF  (for  definition  see  Mertens)  which  is  defined  in  the  same  way  as  the 
value  is  defined  on  DIFF.  The  proof  is  essentially  the  same  as  in  Merten's 
proof  of  the  existence  of  a  value  on  DIFF. 
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Footnotes 


Along  the  proof  o  and  u  stand  for  the  fixed  scalar  and  the 
probability  measure,  respectively,  that  are  used  in  the  definition 
of  the  set  function  u. 
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